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Enriched Finite Elements for Regions with
Multiple, Interacting Singular Fields

Stephane S. Pageau* and Sherrill B. Biggers Jr.'
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Enriched two-dimensional finite elements are formulated for analysis of solids with interacting singular points.
These elements contain both the order and the angular variation of all singular stress fields emanating from
each singular peint so that the possible interaction of stress states present in such regions is represented. The
order and distribution of the singular fields are determined with a separate finite element eigenanalysis. These
field characterizations and the subsequent enrichment are carried out numerically rather than analytically for
ease of extension of the technique to complex geometries for which analytical solutions would be difficult to
obtain. Generalized stress intensity factors as well as the stresses and displacements result directly from models
incorporating enriched elements. Enriched-element models can be applied not only to crack problems but also to
singular stress states not involving cracks and crack growth, and are thus more versatile than J-integral and virtual
crack-closure techniques used for calculating energy release rates. In addition, the proper angular distribution of
the displacement fields leading to each singular stress state is used in formulating the element, an advantage not
shared by formulations such as the quarter-point elements. The advantages of using enriched elements containing
information from interacting singular points are demonstrated with an example having two interacting singular
points. This tensile groove specimen is modeled using these new elements as well as enriched elements that do not
take interaction into consideration. Attention is given to modeling issues when using interactive enriched elements.

Introduction

HE difficulties that stress singularities present to conventional
finite element analysis are well known. Many researchers,! >
have developed special elements that are especially suited for the
high-stress gradients and stress levels present around crack tips.
Both two- and three-dimensional special elements have been de-
veloped. Research in crack-tip elements is still active. The trend is
to include more than just the square-root singular asymptotic stress
field in the crack-tip element formulation.®
Many other geometries and/or material combinations, such as
wedges and multimaterial junctions (see Fig. 1), lead to singular
stress fields emanating from locations referred to as singular points.
A method for quantification of these singular fields, particularly
when multiple fields interact, is the objective of this paper. The
J-integral and other energy-release-rate calculation techniques are
not applicable to some of these geometries because the question
is one of fracture initiation rather than defect propagation. Even
though the research in this area is not as extensive as for crack tips
with square-root singularities, some authors have addressed such
problems.” In these papers, special elements that embed the lead-
ing order of the stress singularities at one node of the elements have
been constructed. None of these elements, however, incorporate the
asymptotic angular variation of the displacement or stress fields,
nor do they incorporate nonleading orders of the stress singulari-
ties. More recently, Pageau and Biggers!” created special elements
in which all singular orders of the stress singularities as well as all
asymptotic angular variations of the singular displacement fields are
incorporated into the element formulation. These elements, which
are directly extended from the formulation of Benzley,* are referred
to as enriched elements. With these new elements, the singular point
can be located outside of an element or can be coincident with a
node. This approach gives more freedom to the placement of such
elements in a finite element model than previously seen.
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In Ref. 10, the elements created consider cases with only one
singular point, such as those shown in the upper half of Fig. 1. If other
singular points exist as shown in the lower half of Fig. 1, they are
assumed not to interact with each other. Elements with interacting
singular points have been developed.!!!> However, these elements
have the same limitations as those of Refs. 7-9. In addition, they
have the interacting singular points coincident with two nodes of
the elements, and, as a result, the size of such elements is directly
linked to the distance between singular points.

This paper extends the formulation of Ref. 10 to incorporate mul-
tiple interacting singular points into the element formulation. All ex-
isting singular fields emanating from each singular point are incor-
porated. Also, these new enriched elements are developed such that
the distance from one singular point to another is not constrained
by the size of the elements. Formulation usage and validation is
shown for a two-dimensional problem containing two interactive
singularities.

Formulation

The current formulation follows directly from the authors’ ear-
lier paper'® in which two- and three-dimensional enriched finite
elements were developed for use in the neighborhood of a singu-
lar point. These elements can incorporate singular fields because of
the presence of material and/or geometrical discontinuities in multi-
material wedges and junctions (see Fig. 1) as well as those due to -
cracks and disbonds. These enriched elements are unique in two
ways: 1) They allow the use of numerically obtained asymptotic
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Fig.1 Single and/or multimaterial wedges and junctions with or with-
out interacting sigularities at o.
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singular displacement tields to enrich the elements; and 2) several
layers of enriched elements can be placed around a singular point,
thus enabling mesh refinement to be carried out as is normally done
in finite element analyses. In Ref. 10, it is shown how accurate
stress intensity factors and stresses can be obtained using enriched
elements in conjunction with a mesh refinement technique. It is also
shown there that using analytically obtained asymptotic displace-
ment fields to obtain enriched elements, as has been done in the past
for the specific case of cracks, does not provide an advantage over
that of using finite elements enriched with numerical solutions for
the asymptotic displacement fields. Also, because the displacement
fields can be obtained easily for a variety of problems,'*!* develop-
ment of enriched elements using numerical fields is relatively simple
and a broad range of applications can be found.

In this paper, the formulation developed in Ref. 10 is extended to
construct enriched finite elements that carry singular field informa-
tion from multiple singular points. This approach is attractive for
regions where singular fields interact because of the close proximity
of multiple singular points.

Two-Dimensional Enriched Elements Accounting for
One Singular Point

As shown in Ref. 10, the enriched-element formulation of
Benzley* for crack-tip elements can be extended to create enriched
elements for sharp stress gradients because of other geometric or
material discontinuities, as shown in Fig. 1. For the four-node ele-
ment shown in Fig. 2, the displacement field around the singular
point o is assumed in the form

7
ui = o + @ipd + ;38 + el + ij Qij(r,0) (1
=

where i represents the x and y directions, { and é are natural coordi-
nates of the element, J is the number of singular fields, o;; are the un-
known coefficients of the polynomial displacement approximation
over the element, Q;;(r, 8) is of the form Q;;(r, 8) = r*i f;;(9) and
represents the asymptotic displacement field (relative to the singu-
lar point) in the ith direction associated with the jth singular root
%;, and k; is the generalized stress intensity factor attributable to
the displacement field Q;;(r, 0). Because all of these fields are de-
fined as displacements relative to a particular singular point, they
introduce no stress or strain attributable to rigid body motion of the
element. A four-node element is considered here only for simplicity.
For elements containing more than four nodes, the polynomial part
of Eq. (1) would contain additional quadratic, cubic, or other such
terms.

One can solve for the unknown «;; of Eq. (1) in terms of the nodal
displacements as

4 J 4
ui =y Nyilin + ) _k; [Q,-,»(r, 6) = D NaQijn(r, 6)] @)

n=1 j=1 n=1

where the N, are the shape functions of a standard finite element, u;,
and Q; n are, respectively, the displacement and the jth asymptotic
displacement field values at node » for the displacement direction i.
Elemental stiffness matrices for the enriched element created us-
ing the displacement assumption of Eq. (2) can be obtained in a
straightforward manner as explained by Benzley.*
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Fig. 2 Four-node enriched element in the global and natural coordi-
nate systems.

Fig.3 Placement of elements:
A) enriched, B) transition, and
C) standard.
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Nodal displacements for the jth eigenvalue A:.

Ugjn=radial displacement at node n relative to pt. o.
ugjn=tangential displacement at node n relative to pt. o,

Fig.4 Two-dimensional finite element model to obtain the order of the
stress singularities )\; and the angular variation of the displacements.

Benzley* also showed that transition elements are needed to join
enriched elements to standard elements in a finite element model
so that no displacement-field incompatibility will exist between en-
riched and standard elements. Considering Fig. 3, the transition
elements (B) are placed between the enriched elements (A) and
the standard elements (C). The displacement field of a transition
element is given by the relation }

4 J 4
;= Zl Nyitin + R, 8) ) k; [Qi,-(r, ) — Y NuQin(r, 9)]

ji=1 n=1
3)
where R(¢, 8) is one along boundaries adjacent to enriched elements
and zero along boundaries adjacent to standard elements. The vari-
ation of the function R(Z, 8) over the transition element can take
various forms. For simplicity, the functions defined by Benzley* are
used here.

The finite element formulation developed by the authors'-!4 can
be used to produce the angular variation of the displacement field as
well as the order of the stress singularity for a variety of problems
in a simple manner. Figure 4 shows a typical finite element model
that can be used to define the singular displacement field, illus-
trated in this case for a wedge geometry. Here the angular variation
of the displacement field is determined using shape functions that
are quadratic in 8 across each element. The accuracy of the eigen-
analysis is discussed in detail elsewhere.!3-* In general, four-digit
accuracy in the eigenvalues A; can be achieved with small models
having on the order of 10-30 elements using low-order quadrature
(3 Gauss points) for two-dimensional and quasi-three-dimensional
models of isotropic and anisotropic materials. Angular distributions
of displacements, the eigenvectors, were shown to have similar ac-
curacy. Thus the computational effort involved in accurately char-
acterizing the singular fields is quite small. In problems requiring a
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true three-dimensional characterization,'® the computational effort
is much Iarger, though still quite reasonable compared to solution
of the final models including the enriched elements.

The displacement shapes obtained previously'*- 14 are in cylindri-
cal coordinates, whereas the current formulation assumes that the
functions Q;; are given in a Cartesian coordinate system. Using the
notation of Fig. 4, the displacement field relative to a singular point
o is given over each element by

©/ 3 3
01;(r,0) =r* (Z H,,a,jn> cos(6) — (Z H,,a,,,.n> sin(@)]

n=1 n=1
1G]
/.3 3
01(r,0) = r*i (Zyu,) sin(6) + (ZH,,@,,,) cos(e)]
L \n=1 n=1
©)

where the subscripts 1 and 2 represent the x and y components of the
displacements, respectively, for the jth order of stress singularity
;. The functions Q;;(r, 8) are obtained from angular variations of
displacements in the radial and tangential directions, r and 8, by
making use of quadratic shape functions H, at node n. The validity
of Egs. (4) and (5) is limited to angles within the angles defined by
nodes 1 and 3 of each element.

In creating the elemental stiffness matrices, one needs the deriva-
tives of the functions Q;; (r, 6) with respect to the variables r and 6.
Differentiation with respect to r is straightforward in view of Egs. (4)
and (5). Differentiation with respect to 8 is also obtained analytically
from Egs. (4) and (5) and the shape functions H; shown in Fig. 4.
Values of these derivatives of the displacement fields, and therefore
of the stresses and strains, can be evaluated at any point in the ele-
ment. Each elemental stiffness matrix can be constructed easily as
described previously.* However, the complexity of the integrands in
the stiffness matrices requires high-order quadrature for accuracy.
An investigation of the order of integration led to the conclusion
that a 16 x 16 point integration scheme is needed in most cases so
that. good accuracy can be achieved in models with a reasonable
number of enriched elements.'® Note that, for simplicity, Eqs. (4)
and (5) consider only two-dimensional elements with in-plane de-
formation only. The formulation of the functions Q;;(r, #) and their
derivatives for two-dimensional geometries with three-dimensional
displacements can be found elsewhere. '

Two-Dimensional Enriched Elements Accounting for
Multiple Singular Points

Figure 5 represents a four-node element located in a region where
M singular fields interact. The displacement at point P is assumed
to be of the form

Mo
u; = o)+ appd + ;38 + el + Z ijinjm(rmx 0.) (6)

m=1j=1

where the subscript m represent the mth singular point and all
other quantities are as defined earlier. The singular-fields functions
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“om” = singular point, m=1,M

Fig. 5 Four-node enriched element in the global coordinate system
where M singular points interact.

Qijm(rm, 8m) and their derivatives are obtained numerically as ex-
plained earlier, with the difference being that separate polar coordi-
nate systems are considered for each of the singular points. Solving
for the unknown coefficients a;; of Eq. (6) in terms of the nodal
displacements, one obtains

4
U = E Nnﬁin

n=1

M J 4
+ )Y kjm [Q,-,-m(rm, On) = > NuQijmn (7 9m)] )
m=1j=1

n=1

The singular points are either outside of the enriched element
shown in Fig. 5, or coincide with one or more nodes of the elements.
Straightforward extension of Eq. (3) also is possible to create transi-
tion elements containing information from multiple singular fields
as

4 M
U = ZNnﬁin + Z Rm(g, 3)

n=1 m=1

J 4
x Y kin [Q.-,-mom, Om) = D NuQijmn (7, om)] @®)

j=1 n=1

In general, a transition element may be required between stan-
dard elements and an element enriched with the pth singularity but
not with the gth one, which explains the subscript m on the func-
tion R,, (¢, 8). This feature is discussed in the following section for
specific cases.

Results

This section presents an application of the above formulation to
a two-dimensional test case of interest. The mesh refinement tech-
nique described previously!® is used here, and the details related
to the placement of enriched and transition elements in regions
where more than one singular field is present are addressed. The
test-case geometry is that of a tensile specimen with a rectangular
edge groove. When the groove is of finite width, there are two singu-
lar points that can interact. The degree of interaction is investigated
using enriched elements with multiple singular points and using en-
riched elements with only one singular point. All elements created
here (i.e., types A and B) have been incorporated into the finite
element commercial code ABAQUS!® through the user-defined ca-
pability of the software. Elements of type C are the standard bilinear
continuum elements in the ABAQUS element library.

Figure 6 depicts half of a specimen containing a groove of lengtha
and total width 2/. This specimen is composed of only one material

Attt

v=02
plane strain

a=
0.3b| o

» X
h; Center—
ine

,-—a—

fe] ]
' »
b =,

b) Finite element model to
determine the order and
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Fig. 6 Rectangular groove specimen with two interacting singular-
points o and 3.
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Fig.7 Displacement fields for the two singular eigenvalues, 30-element
model, Fig. 6b.

with properties and loading conditions indicated. Every dimension
but £ is fixed in this study. Also shown is a 30-element model used to
characterize the asymptotic singular fields present around point 0. A
numerical value for the radius r, (see Fig. 4) is not shown or needed
because the formulation is in terms of the dimensionless quantity
r/r, ranging from O to 1. The formulation developed previously'> *
has been used to obtain the results, which are shown in Fig. 7 for the
two A leading to singular stresses. The angular distributions of the
displacements are valid at any value of r/r,. These displacement
functions are necessary for developing enriched elements with one
singular point as well as enriched elements with two singular points.
The functions Q;;(r, 6) have been normalized such that the angular
variations of the fields lead to g9 (8 = 0) = krti—!,

Development of stiffness matrices for elements having interac-
tive singularities follows the same approach presented previously,'®
modified to account for multiple singular points as discussed in the
preceding section. To obtain stiffness matrices that contain infor-
mation from both the singular point o and its symmetric point 6 (see
Fig. 6), one has to consider the entire specimen, even if there is an
obvious symmetry as is the case for this problem. In other words, the
net interactive effect at point o of the two singular fields cannot be
represented simply as the mirror image of one field about the line of
symmetry. If this approach were taken, the interactive effect would
be unaccounted for. Rather, the net effect at point o includes the
two fields associated directly with that point plus the smaller effects
of the two fields associated with the adjacent point 0. As a result,
two generalized stress intensity factors k; and k, associated with
each singular point are obtained. This represents four unknowns for
the problem considered here, in addition to the unknown nodal dis-
placements. In this case, because of the symmetry of geometry and
loading about the centerline, the two k; values will be identical, and
the two k, values will be equal and of opposite sign.

Figure 8 shows three possible configurations for placement of en-
riched elements around point o. Figure 8a shows an enriched region
composed of enriched elements that only contain asymptotic infor-
mation related to the singular point o. This constitutes the approach
used in most previous studies in which the proximity of multiple
singular points is not accounted for. This enriched region is sur-
rounded by one layer of transition elements, the rest of the upper
half of the specimen being modeled using conventional four-node
standard elements. If one assumes that the asymptotic fields have a
roughly uniform radial influence around point o (i.e., point o is as-
sumed to be at equal distance from each corner of the box as shown
in Fig. 8a), the size of the enriched region must be such that ¢ < k.
This limits the sizes of enriched regions that can be used in assessing
solution convergence. On the other hand, Figs. 8b and 8c represent
configurations in which the enriched region size is not limited by
the groove half-width 4. However, here the darkly shaded regions
contain enriched elements that must possess information from both
singular points present. The lightly shaded region cannot contain
information from the symmetric point o6 because the angular varia-
tion of its singular fields does not extend beyond the end face of the
groove. For cases where ¢ is much less than £, the choice of Fig. 8b
is not very reasonable because it would assume that the influence of
the singular fields emanating from point o is much greater below the
line y = O (see Fig. 6) than above that same line, which is of course
not known a priori. In such a case, the scheme shown in Fig. 8a is

c) Interactive singular points d) Placement of transition elements

Fig. 8 Possible arrangements of enriched and transition elements for
the groove specimen of Fig. 6a.

more advisable. However, when c is only slightly less than #, the
approach shown in Fig. 8bis legitimate. The model in Fig. 8c, where
¢ > h, illustrates the case when the influence of both singular points
must be considered.

As explained earlier, when enriched elements containing infor-
mation emanating from more than one singular point are used, the
transition elements must also account for the presence of multiple
singular points. In Fig. 8d, the lightly cross-hatched border (Ikj)
around the lightly shaded region schematically represents one layer
of transition elements containing information about the point o only.
The darker cross-hatched border (jgp) represents one layer of tran-
sition elements containing information from both singular points.
For these transition elements, the zeroing functions used in Eq. (8)
are such that R, (¢, 8) = R»(¢, 8). This is the simplest possible com-
bination of enriched and transition elements for cases where multi-
singular-point enriched elements are used. With such a choice, a
slight displacement incompatibility exists between element edges
joining along the line oj shown in Fig. 8d. Of course, no nodal dis-
placement incompatibilities exist, and the element edge incompati-
bilities tend to zero with mesh refinement. Furthermore, the singu-
lar fields emanating from point o are such that o, and ., are zero
along this line in this problem. Therefore, stress continuity is au-
tomatically satisfied across each enriched region separated by the
line of.

Moreover, the formulation in Eq. (8) could be used to completely
eliminate the displacement incompatibility along line oj. An addi-
tional band of elements along line oj within the region (jmpq)
could be defined in which R, (¢, 8) varies from 0 to 1 along ¢
and R,(¢,8) = 1, in effect creating a smooth transition between
the region affected by only one singular point and the region af-
fected by both singular points. Thus Eq. (8) enables transition be-
tween adjacent enriched regions as well as between enriched- and
conventional-element regions. Additional investigations could be
carried out using this and other transition schemes.

A number of different finite element models have been con-
structed for different values of . Figure 9 shows values of gen-
eralized stress intensity factors for different values of &, and dif-
ferent sizes of enriched regions. The enriched regions chosen are
represented schematically in Figs. 8b and 8¢ with the arrangement
of transition elements shown in Fig. 8d. A trend toward conver-
gence is seen in all cases but it is much more rapid for &, than for
ks. Results for the smallest region (¢ = 0.15/7) showed slow or no
convergence, indicating undersizing. Therefore, to maintain clarity,
these data are not included in Fig. 9. The values of the generalized
stress intensity factor k; predicted with models using ¢ = 0.36/7
and ¢ = 0.6b/m differ by less than 1% for all groove half-widths.
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Fig.9 Generalized stress intensity factors k1 and k; for different sizes
of enriched regions, using interactive enrichment.

The relatively poor accuracy of k, vs k; is attributable to the domi-
nance of the first singular field in the evaluation of the stresses.

For each value %, choosing the best size for the enriched region on
the basis of convergence of the generalized stress intensity factors
is not easy. However, by also considering reduction of interelement
stress jumps across enriched-element boundaries and from transi-
tion to standard elements (as discussed previously'?), ¢ = 0.6b/7
was chosen as the most appropriate of the three models consid-
ered for all values of 4. Models with the smallest enriched region
(c = 0.1b/m) exhibited large stress jumps, again indicating that the
enriched region is clearly undersized. For all other cases investi-
gated, the difference in stresses along the line y = 0 obtained with
¢ =0.3b/m and ¢ = 0.6b/7 is less than 1.5%.

Figure 10 shows plots of stresses along the line y = 0, from the
singular point o to the edge of the enriched region using ¢ = 0.6b/m,
the most refined model, and interactive enrichment. The stresses
shown here are those obtained at nodes without averaging between
elements. It is obvious that the interelement stress jumps are ex-
tremely small in the enriched models, whereas the same cannot be
said for the conventional models. Both methods produce the same
stresses away from the source of singularity, indicating that the sin-
gularity has dissipated at the right-hand side of the enriched region
(right-hand side of the graphs). Of course, use of only conventional
elements is not effective for this class of problems as indicated by the
roughness of the dashed lines near x = 0. This poor performance of
standard elements is expected because they are formulated assum-
ing a symmetric stress tensor and, therefore, cannot explicitly admit
singularities such as those that occur here. Along these lines,' the
zero tractions on the free surfaces intersecting the singular points
are predicted extremely accurately with enriched elements but not
at all accurately with standard elements for the reason stated above.

A summary of the stresses normal to the line y = 0 computed
for the three groove widths is shown in Fig. 11. The data are taken
from the o, plots with interactive enrichment in Fig. 10. Here the
quantity oy4/x along the line y = 0 is plotted as a function of the
distance x /(b — a) from the grove edge to the right-hand side of the
specimen, The curve obtained for # = 0 has been taken from the
edge-crack tensile specimen study discussed previously.'” Figure 11
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Fig. 10  Stresses along the x-axis (Fig. 6) using interactive enrichment
with ¢/b = 0.6/7 (solid lines) and using no enrichment (dashed lines).
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Fig. 11 Comparative plot of normal stress oy along the x axis, as a
function of groove width k.

shows that as 4 diminishes, the case of the crack is recovered. Such
curves could not be generated with sufficient precision using stan-
dard elements because limiting values as x approached zero would
require extremely small conventional elements. Also, the obvious
interaction of fields as /2 becomes very small would invalidate results
with noninteractive enriched elements,

The difference in independent enrichment (the approach of
Fig. 8a) vs interactive (Fig. 8b) is illustrated in Figs. 12 and 13. In
these figures, the solid lines correspond to data obtained using both
singular points, and the dashed lines correspond to use of only one
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Fig. 13 Effect of considering interactive singular points on the normal
stress oy.

singular point. For each value of groove width, the models included
the largest-size enriched region for which the assumption of nonin-
teracting fields was reasonable. Recall that the best results found for
all values of & investigated occurred with ¢ = 0.6b /7 (Fig. 8c). This
case cannot be evaluated with the noninteractive approach of Fig. 8a
because the enriched regions overlap and therefore must be consid-
ered to interact. Therefore, the comparative results are necessarily
obtained from models with undersized enriched regions. The models
with interacting fields maintained the same size of the enriched re-
gion except that the region was extended vertically to the centerline,
as shown in Fig. 8b. No comparison between the two approaches
is shown for the narrowest groove width, # = 0.05b/m, because
enriched regions small enough to be independent (¢ < 0.05/m)
would be grossly undersized. In other words, with 2 = 0.05b/x7
the two singular points are so close that interaction of the singular
fields is an essential consideration. With the medium-width groove,
h = 0.15b/m, more rapid convergence is obtained for k; using inter-
active singular points, although the converged values of k; differ by

only 0.4%. With the widest groove, & =0.5b/7, the singular points
are far enough removed so that interaction is negligible with respect
to k; and the two approaches give the same results. Results for &,
with # = 0.15b/7 indicate a lack of convergence when independent
fields are considered and more rapid convergence with A = 0.5b/7
when interaction is considered. The generally slower convergence
of k, compared to k; is, here again, attributable to the dominance of
the first singular field.

Stress values and distributions are somewhat more sensitive to
consideration of the independence or interaction of fields. For exam-
ple, consider the data shown in Fig. 13 corresponding to the widest
groove, h =0.5b/m (for which essentially no interactive effect ex-
ists with respect to ky ), with the largest enriched region, ¢ = 0.3b/7,
for which independent fields can be modeled. For the models using
single-point enrichment, there is one row of transition elements im-
mediately above the centerline. In addition, consider the oy, stresses
along the centerline, a location remote from the singular points in
this case. With single-point enrichment, the influence of the singu-
lar point is assumed to become zero at the centerline whereas with
interacting enrichment, the effects of both singular points are felt
along this line. Even though the k; values were essentially identi-
cal between the two approaches for this case, the stress oy is about
3% higher when interaction of the singular points is accounted for.
Larger differences exist when the groove is narrower and consider-
ation of interaction becomes more important, and in some cases a
necessity for convergence and accuracy.

Conclusions

Solutions for the order and the angular variations of singular
displacement fields determined numerically from a finite element
eigenanalysis can be used to create enriched two-dimensional or
three-dimensional finite elements for analysis of solids with mate-
rial and/or geometric discontinuities. These elements can be placed
in regions where one or more singular points are present. For the lat-
ter case, interaction between singular points is properly considered
when formulating such elements. For example, with two identical
adjacent singular points, a number of two-dimensional models with
or without interaction of the singular fields are used to assess the per-
formance of such elements. With reasonably close singular points,
convergence on generalized stress intensity factors was slower or
nonexistent if interaction of the fields was not accounted for. Even
considering interaction, an improper choice of the enriched region
led to lack of convergence on k; and large differences in stresses
between adjacent elements. Even in geometries not exhibiting sig-
nificant field interaction with respect to k,, stress values remote from
the singular points can be significantly affected if field interaction is
neglected. Furthermore, in the case of a specimen with an increas-
ingly narrow rectangular groove, the stress distributions correctly
approach the limiting case of a crack in which the interacting singu-
lar points become coincident. Accurate solutions for such cases with
close singular fields are only possible if interaction is considered in
the element formulation.
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